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What type of optimization problem do we want to solve?
Hybridize mechanistic, model-based optimization with surrogate models learned from data
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Forward & backward problems over graph neural networks
Complementary to computer-aided molecular design [Austin et al., 2016]
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Problem set-up
1 Dataset: D = {(Xi ,Ai), yi}M

i=1. Each data corresponds to a molecule with atom/bond
features Xi , adjacency matrix Ai , and a property yi .

2 Training: train a GNN as a regressor or classifier such that

GNN (Xi ,Ai) ≈ yi , ∀1 ≤ i ≤ M

3 Optimization: find a molecule with ’optimal’ property, i.e.

(X∗,A∗) = arg min
(X ,A)

GNN (X ,A)

s.t. fj(X ,A) ≤ 0, j ∈ J
gk(X ,A) = 0, k ∈ K

where fj , hk are constraints, J ,K are index sets.

Note: Optimality is defined on trained GNN instead of all molecules.
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Optimization formulation for GNN
Given a graph G = (V ,E). A GNN model with L layers:

GNN : Rd0 ⊗ · · · ⊗ Rd0︸ ︷︷ ︸
|V | times

→ RdL ⊗ · · · ⊗ RdL︸ ︷︷ ︸
|V | times

maps inputs x(0)
v ∈ Rd0 , v ∈ V to outputs x(L)

v ∈ RdL , v ∈ V .
We consider GNN with l-th layer defined by:

x(l)
v = ACT

 ∑
u∈N (v)∪{v}

w(l)
u→vx(l−1)

u + b(l)
v

 , ∀v ∈ V , l ∈ [L] (⋆)

where N (v) is the set of all neighbors of v, ACT could be identity or any activation function.
Dimensionality: x(l−1)

u ∈ Rdl−1 ,x(l)
v , b(l)

v ∈ Rdl ,w(l)
u→v ∈ Rdl × Rdl−1
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Optimization formulation versus GNN literature

If graph structure fixed, many classic GNN architectures fit this model [Zhou et al., 2020]:
Convolutional operator:

Spectral: Spectral Network, ChebNet, GCN, AGCN, DGCN, GWNN
Spatial:

Basic: Neural FPs, DCNN, PATCHY-SAN, LGCN, GraphSAGE
Attentional: GAT, GaAN
Framework: MoNet, MPNN, NLNN, GN

Recurrent operator
Skip connection

Compatible, incompatible, unsure
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MIP formulation for GNN with non-fixed graph

Recall our formulation for GNN with fixed graph:

x(l)
v = ACT

 ∑
u∈N (v)∪{v}

w(l)
u→vx(l−1)

u + b(l)
v

 , ∀v ∈ V , l ∈ [L] (⋆)

When the input graph is not fixed, there are at least two issues:
N (v) is not given anymore.
w(l)

u→v may be not fixed and contain the graph’s information.

For fixed w(l)
u→v , e.g. GraphSAGE, we consider two possible optimization formulations.

Otherwise, we need to do more work.
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Big-M formulation [Mc Donald, 2022]
Consider the contribution from all nodes u ∈ V to node v:

x(l)
v = ACT

∑
u∈V

w(l)
u→vz(l−1)

u→v + b(l)
v

 , ∀v ∈ V , l ∈ [L]

where

z(l−1)
u→v =

0, eu→v = 0
x(l−1)

u , eu→v = 1

Assume that each feature is bounded, then the conditions z(l−1)
u→v should satisfy could be

reformulated by Big-M where |x(l−1)
u | ≤ M (l−1)

u , eu→v ∈ {0, 1}:

x(l−1)
u − M (l−1)

u (1 − eu→v) ≤z(l−1)
u→v ≤ x(l−1)

u + M (l−1)
u (1 − eu→v)

−M (l−1)
u eu→v ≤z(l−1)

u→v ≤ M (l−1)
u eu→v .
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Bilinear formulation

We could also directly formulate (⋆) as

x(l)
v = ACT

∑
u∈V

eu→vw(l)
u→vx(l−1)

u + b(l)
v

 ,∀v ∈ V , l ∈ [L]

where eu→v ∈ {0, 1}.
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Computer-aided molecular design: Parameters
Parameter Description Value

N number of node 7
F number of features 16
N t number of atom types 4
N n number of neighbors 5
N h number of hydrogen 5

I t index for N t {0, 1, 2, 3}
I n index for N n {4, 5, 6, 7, 8}
I h index for N h {9, 10, 11, 12, 13}
I db index for double bond 14
I tb index for triple bond 15

Atom atom types {C ,N ,O,S}
Cov covalence of atom {4, 3, 2, 2}
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Computer-aided molecular design: Variables

Xv,f Type Xv,f #Neighbors Xv,f #Hydrogen

0 C 4 0 9 0
1 N 5 1 10 1
2 O 6 2 11 2
3 S 7 3 12 3

8 4 13 4

For bonds, we add the following extra features and variables:
Xv,I db ,Xv,I tb , v ∈ [N ]: if atom v is included in double/triple bond(s).
Au,v , u ̸= v ∈ [N ]: if there is a bond between atom u and v.
Av,v , v ∈ [N ]: if node v exists.
DBu,v ,TBu,v , u ̸= v ∈ [N ]: if there is a double/triple bond between atom u and v.
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Computer-aided molecular design: Constraints
Effectively a subset of Sahinidis et al. [2003], Zhang et al. [2015], Austin et al. [2016]

Constraints for adjacency matrix
Constraints for atom features
Constraints for connectivity
Constraints for double/triple bonds
Constraints for covalence
Constriants for bounds, e.g. each type of atom, bonds, rings
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Example: QM7 dataset

Description Value

#molecule 6830
atom types {C,N,O,S}
maximal length 7
property quantum mechanics

There are three types of molecules incompatible with our formulation:
1 molecules with aromaticity.
2 molecules contain atom S with covalence 6.
3 molecules with non-zero radical electrons.

After removing these molecules, 5822 molecules remain. All properties are re-scaled to 0 ∼ 1.
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Feasible domain for QM7

With all aforementioned constraints, we find many feasible solutions via Gurobi.

N original presolved #solutions#Var #Con #Var #Con

2 44 40 18 13 17
3 75 66 38 34 226
4 112 98 69 62 3, 921
5 155 136 99 84 106, 660
6 204 180 128 109 3, 752, 251
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How to reduce feasible domain?

Even with constraints to exclude non-reasonable molecules, the feasible domain is still large.

How shall we effectively search the feasible domain?
1 Add more specific constraints from chemical perspective,
2 Symmetry breaking from formulation perspective,
3 Symmetry handling in branch-and-cut tree.

Second way: every feasible molecule can be indexed in many ways and each way is a feasible
solution. If we construct constraints to break symmetry, the feasible domain should reduce.
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Symmetry issue
Complementary to Margot [2009], Liberti and Ostrowski [2014], Hojny and Pfetsch [2019]

Since a molecule is represented by a feature vector for each atom and an adjacency matrix, the
symmetry in MIP is actually equivalent to all indexing ways for one molecule.

Without any constraints, there are N ! ways to index N atoms.

Constraints for connectivity remove some symmetry, but are not enough.

How to specify one way, or at least not so many ways to index a molecule?
1 how to choose atom with index 0?
2 how to index the rest atoms?
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Constraints for choosing atom 0
We wish to index 0 to an atom with an unique feature vector, even if multiple atoms have the
same features.

We add the following linear constraints:∑
f∈[F ]

2F−f−1 · X0,f ≤
∑

f∈[F ]

2F−f−1 · Xv,f + 2F · (1 − Av,v),

∀v ∈ [N ], v > 0
(1)

where 2F−f−1, f ∈ [F ] are coefficients to help build a bijective between all possible feature
vectors and all integers in [0, 2F − 1].

Note: Term 2F · (1 − Av,v) excludes non-existing atoms. Otherwise, a non-existing atom is
always chosen to be indexed 0.
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Constraints for indexing the remaining atoms

The indexing considers neighbors of each atom: the neighbor set of an atom with a smaller
index should also have a smaller lexicographical order.

∑
u ̸=v,v+1

2N−u−1 · Au,v ≤
∑

u ̸=v,v+1
2N−u−1 · Au,v+1,

∀v ∈ [N − 1], v > 0
(2)

The coefficients 2N−u−1, u ∈ [N ] build a bijective mapping between all possible sets of
neighbors and all integers in [0, 2N − 1].
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Guarantee that we’re not removing solutions
Algorithm 1 Indexing algorithm

Input: G = (V , E) with node set V = {v0, v1, . . . , vN−1} (N := |V |). Denote the neighbor set of node v as N (v), ∀v ∈ V .
I(v0)← 0 ▷ Assume that v0 is indexed with 0
s ← 1 ▷ Index for next node
V 1

1 ← {v0} ▷ Initialize set of indexed nodes
while s < N do

V s
2 ← V\V s

1 ▷ Set of unindexed nodes
N s(v)← {I(u) | u ∈ N (v) ∩ V s

1}, ∀v ∈ V s
2 ▷ Obtain all indexed neighbors

ranks(v)←
∣∣{LO(N s(u)) < LO(N s(v)) | ∀u ∈ V s

2}
∣∣ , ∀v ∈ V s

2
▷ Assign a rank to each unindexed node

Is(v)←
{
I(v), ∀v ∈ V s

1
ranks(v) + s, ∀v ∈ V s

2
▷ Assign temporary indexes

N s
t (v)← {Is(u) | u ∈ N (v)}, ∀v ∈ V s

2 ▷ Define temporary neighbor sets based on Is

vs ← arg min
v∈Vs

2
LO(N s

t (v)) ▷ Neighbors of vs has minimal order

▷ If multiple nodes share the same minimal order, arbitrarily choose one
I(vs) = s ▷ Index s to node vs

V s+1
1 ← V s

1 ∪ {v
s} ▷ Add vs to set of indexed nodes

s ← s + 1 ▷ Next index is s + 1
end while
Output: I(v), v ∈ V ▷ Result indexing way

Theorem
Given an undirected graph with 1 node indexed 0. The Algorithm 1 indexing is feasible.
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Example: how much symmetry is removed

molecule unconstrained connectivity index 0 index rest

5040 216 6 2

5040 512 300 4

5040 316 35 5

5040 336 120 6

Shiqiang Zhang, et al. GNN MIP Monday 3rd July, 2023



Reduced feasible domain for QM7

N original presolved #solutions
#Var #Con #Var #Con

2 44 38 10 6 17 → 10
3 75 69 35 35 226 → 73
4 112 103 60 62 3, 921 → 510
5 155 143 86 86 106, 660 → 4, 945
6 204 189 112 109 3, 752, 251 → 57, 468
7 259 241 139 135 ? → 794, 478
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Train a GNN on QM7

We train a GNN with GraphSAGE layers, i.e. SAGEConv, on the preprocessed QM7 dataset.

index layer in features out features activation

1 SAGEConv 16 16 ReLU
2 SAGEConv 16 32 ReLU
3 Pooling 32N 32 None
4 Linear 32 16 ReLU
5 Linear 16 4 ReLU
6 Linear 4 1 None
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Numerical results for two formulations

Figure: These graphs report the time timetol to achieve relative MIP optimality gap 10−4 averaged over
the number of successful runs, i.e. up to 50 runs. We plot a bar for each formulation at different values
of N . The left- and right-hand graphs correspond to datasets QM7 and QM9, respectively. The
number of runs that achieve optimality is shown above each bar. Results with fewer than 20 successful
runs do not have a bar because so few runs terminated. The time limit is 10 hours.
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